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Generalization of Luttinger’s Theorem for Strongly Correlated Electron Systems
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Analyzing general structure of the Green function of a strongly correlated electron system we have
shown that for the regime of strong correlations Luttinger’s theorem should be generalized in the
following way: the volume of the Fermi surface of the system of noninteracting particles is equal to
volume of the Fermi surface of the quasiparticles in the strongly correlated system with account for
the spectral weight of these quasiparticles. Hubbard and t-J models analysis in the paramagnetic
nonsuperconducting phase shows that the generalized Luttinger’s theorem is valid for these models.
PACS numbers: 74.72.h; 74.20.z; 74.25.Jb; 31.15.Ar
I. INTRODUCTION
At present, it is widely believed that Luttinger’s theo-
rem [1] is violated for strongly correlated electron systems
(SCES), among which is, in particular, the broad class
of superconducting cuprates. This theorem states that
the volume of the Fermi surface of interacting particles is
equal to that of the noninteracting particles. The proof
of Luttinger’s theorem [1] is valid for the normal Fermi
liquid only. A topological non-perturbative proof of this
theorem for SCES was given in [2] on the assumption that
these systems are normal Fermi liquids. Since this proof
is based on general considerations it is valid for the t-J
model and the Hubbard model in the Fermi liquid phase.
However in the SCES other phases are also exist, whose
properties differ from those of the Fermi liquid. Devi-
ations from the Fermi liquid behavior reveal themselves
in the redistribution of the spectral weight of a quasi-
particle between different Hubbard subbands and in the
fact that the imaginary part of the self-energy ImΣk (E)
is nonzero on the Fermi surface. Indeed, the relation-
ship ImΣk (E) ∝ (E − εF )2 is valid in the vicinity of the
Fermi level εF of the Fermi liquid.
Calculations of the Hubbard model in the framework
of the dynamical mean field theory (DMFT), which is
exact in the limit of infinite dimensionality (d = ∞)
[3, 4, 5], demonstrated that the distribution function of
the quasiparticles has a jump in the vicinity of the Fermi
level. This jump continuously decreases down to zero
with increasing the parameter of the on-site Coulomb re-
pulsion U . Nevertheless, the Fermi liquid picture persist
up to a certain critical value Uc in this case, after which
the system transfers to the insulating state. Edwards
and Hertz [6], however, using an interpolation scheme
for the Hubbard model not based on the limit d = ∞
demonstrated that the imaginary part of the self-energy
is nonzero on the Fermi surface at U ∝ Uc and near the
half-filling (x ≪ 1, where n = 1 − x is the electron con-
centration). But with a deviation from the half-filling,
the Fermi liquid properties of the system are restored
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fairly rapidly. That the Fermi liquid properties in the
Hubbard model with U = 8t (t is the hopping integral)
begin to be restored already at x > 0.1 was shown in
[7] in the framework of the non-perturbative approach
of dynamical cluster approximation (DCA). At present,
the problem of the transition from the Fermi liquid phase
to a metallic non-Fermi liquid state with strong electron
correlations and the behavior of the system in the tran-
sition region has only been stated and is far from being
solved (see e.g. [8]).
Since in real materials the transition to the metal state
is observed at x ≪ 1, it is the most interesting range of
concentrations. At extremely small values of x it would
be expected that the additional carriers will be local-
ized in the vicinity of the bottom of the band and the
condition ImΣk (εF ) 6= 0 will be valid for them. As x
increases further the Fermi level falls within the range
of delocalized states, for which the imaginary part of
the self-energy is equal to zero but the non-Fermi liq-
uid effects are still present due to redistribution of the
spectral weight between the Hubbard subbands. Devi-
ations from Luttinger’s theorem for the Hubbard model
in the region where ImΣk (εF ) 6= 0 were discussed in [9]
in the framework of the FLEX approximation. In this
paper, we restrict ourselves to the concentration range
with ImΣk (εF ) = 0.
As for the case when the spectral weight of a quasi-
particle in SCES is not equal to unity, the properties of
the system are different from those of the normal Fermi
liquid and the original Luttinger theorem is violated. In-
deed, the Fermi momentum of the Hubbard bands is
larger than the Fermi momentum for free electrons at
the same Fermi energy (Fig. 1), so the geometric vol-
ume of the Fermi surface is larger for the Hubbard bands
[10]. However, in this case the system is in the metallic
state and since the distribution function of quasiparti-
cles undergoes a jump in the vicinity of the Fermi level,
Luttingers theorem can be generalized to quasiparticles
in the following way: the volume of the Fermi surface of
noninteracting particles is equal to that of the interact-
ing quasiparticles with account for the spectral weight of
these quasiparticles. In the present work, by analyzing
the general structure of the Green function and thorough
investigation of the Hubbard-I solution of the t-J mode
2FIG. 1: Dispersion curves of the Hubbard bands E±
k
and
the one-particle spectrum εk. εF is the Fermi level, kF and
k0F are the Fermi momenta for the Hubbard bands and free
electrons respectively.
and Hubbard model [11], we shown that this generalized
formulation of Luttingers theorem is valid for metallic
SCES. Actually, such a metallic system is not rather a
normal but a “compressible” Fermi liquid, which is due
to the spectral weight of the quasiparticles being different
from unity and to the Fermi surface being less compact
(less “dense”). This ideas makes it possible to eliminate
the inconsistency between the concentration of the excess
carriers in the superconducting cuprates and the unduly
large volume of the Fermi surface calculated in the frame-
work of the model of the normal Fermi liquid.
II. ANALYSIS OF THE GREEN FUNCTIONS’
GENERAL STRUCTURE
Luttinger has shown [1] that the equality between the
volumes of the Fermi surface in the momentum space for
interacting particles VFS , and for noninteracting particles
V 0FS ,
VFS = V
0
FS , (1)
follows from the fact that the average number of particles
〈N〉 for interacting and noninteracting fermions is the
same. Indeed, for a system without interaction, we have
〈N〉 =
∑
k
θ (µ0 − εk)
=
V
(2pi)3
∫
dkθ (µ0 − εk) = V
(2pi)3
V 0FS . (2)
and, for the Fermi liquid system with interaction [1], we
have
〈N〉 =
∑
k
θ (µ− εk − ReΣk)
=
V
(2pi)
3
∫
dkθ (µ− εk − ReΣk) = V
(2pi)
3VFS .(3)
Here, V is the volume of the system of fermions; µ and µ0
are the chemical potentials of the system with and with-
out interaction, respectively; εk are one-particle energies;
ReΣk is the self-energy part of the Green function; and
θ (x) is the Heaviside unit-step function.
For strongly correlated electron systems, however, the
definition of the average number of particles as the sum
of the Heaviside unit-step functions is invalid, because
the spectral weight of each quasiparticle in the system is
taken to be the unit in this definition. One of the essential
peculiarities of strongly correlated electron systems is a
variation of the spectral weight from unity in each band
due to its redistribution between the Hubbard subbands
at U ≫ W (W is the half-width of the band). For this
reason, analogs of Eqs. (2) and (3) should be derived for
this case.
In what follows, we use the Hubbard X-operators [12]
defined in the following way: Xpqf ≡ |p〉 〈q|, where |p〉 and
|q〉 are states at site f . Since the number of root vectors
α (p, q) is finite, they can be enumerated; thus, we have
Xpqf ↔ Xα(p,q)f ↔ Xαmf ↔ Xmf . (4)
Here, index m ↔ (p, q) enumerates quasiparticles with
the energies
ωm = ωpq = εp (N + 1)− εq (N) , (5)
where εp is the energy level with index p for the N -
electron system.
The Hubbard operators are related to one-electron cre-
ation and annihilation operators in the following way:
a+fλσ =
∑
m
γ∗λσ (m)
+
Xmfσ, afλσ =
∑
m
γλσ (m)X
m
fσ, (6)
where γλσ (m) is the partial weight of a quasiparticle m
with spin σ and orbital index λ.
The average occupation numbers 〈nkλσ〉 for the parti-
cles with momentum k and spin σ are expressed in terms
of the electron Green function written in the energy rep-
resentation, Gkλσ =
〈〈
akλσ
∣∣ a+kλσ〉〉E+iη, in the follow-
ing way:
〈nkλσ〉 =
∫
dE fF (E)
(
− 1
pi
ImGkλσ
)
, (7)
where fF (E) is the Fermi function, η → 0, η > 0. In the
X-operators representation, the Green function has the
form 〈〈
akλσ
∣∣ a+kλσ〉〉E+iη
=
∑
m,p
γλσ (m) γ
∗
λσ (p)
〈〈
Xmkσ
∣∣∣∣ +Xpkσ
〉〉
E+iη
. (8)
3For the matrix Green function Dm,pkσ (E) =〈〈
Xmkσ
∣∣∣∣ +Xpkσ
〉〉
E+iη
, the generalized Dyson equa-
tion [13] can be written as
Dˆkσ (E) =
{[
Gˆ
(0)
kσ (E)
]−1
+ Σˆkσ (E)
}−1
Pˆkσ (E) . (9)
Here, Σˆkσ (E) and Pˆkσ (E) are the self-energy and the
force operator, respectively. The presence of the force op-
erator is due to the redistribution of the spectral weight
and is an intrinsic feature of SCES. The concept of the
force operator was introduced earlier in a diagram tech-
nique for spin systems [14]. The Green function Gˆ
(0)
kσ (E)
in Eq. (9) is defined by the formula[
Gˆ
(0)
kσ (E)
]−1
= Gˆ−10 (E)− Pˆkσ (E) Tˆkσ, (10)
where Tˆkσ is the interaction matrix element (for the Hub-
bard model, Tm,pkσ = γσ (m) γ
∗
σ (p) tk).
In the Hubbard-I approximation at U ≫W , the struc-
ture of the exact Green function (9) remains unchanged
but the self-energy is equal to zero and the force opera-
tor Pm,pkσ (E) is replaced by P
m,p
kσ (E)→ Pm,p0σ = δm,pFmσ ,
where Fmσ ≡ F (p, q) =
〈
Xppf
〉
+
〈
Xqqf
〉
is the occupa-
tion factor, which is referred to as the end factor in the
diagram technique for the X operators developed in [15].
In terms of the Hubbard-I approximation, the following
formula is derived from Eq. (9):
Dˆ
(0)
kσ =
{
Gˆ−10 (E)− Pˆ0σTˆkσ
}−1
Pˆ0σ. (11)
In order to estimate the contributions to Eq. (11)
in higher order approximations (with respect to the
Hubbard-I approximation), let us compare the exact
equation (9) for the Green function with Eq. (11), writ-
ten in the Hubbard-I approximation. First, there is a
difference due to the renormalization of the occupation
factors Fmσ which arises when the exact equation for the
force operator Pˆkσ (E) is used. However, taking into ac-
count the corrections due to the force operator keeps the
structure of the Hubbard bands unchanged and, there-
fore, does not lead to a qualitative difference of the ex-
act Green function from that in the Hubbard-I approx-
imation. A second essential difference is the renormal-
ization of the real part of the self-energy Σˆkσ (E) and
the appearance of quasiparticle damping. The latter im-
plies non-Fermi liquid behavior of the system and, as
mentioned above, the consideration of the region where
ImΣk (εF ) = 0. In this region, the exact Green function
given by Eq. (9) can be rewritten as the sum of one-pole
contributions over the quasiparticle bands labeled by in-
dex ξ (for the tJ model, ξ has one value, ξ = 1; for the
Hubbard model, ξ = 1, 2). In the general multiband case,
the exact Green function is
Gkλσ (E) =
∑
ξ
Fkλσ (ξ)
E − Ωkσ (ξ) + µ+ iη . (12)
Here, the real part of the self-energy contributes not only
to the renormalization of the dispersion law but also to
the renormalization of the spectral weight. Such a rep-
resentation for the electron Green function has been ob-
tained earlier in the Hubbard model in terms of the spec-
tral density approach (SDA) [16]. This approach is non-
perturbative and assumes only the absence of the quasi-
particle damping. The spectral weights Fkλσ (ξ) and the
band energies Ωkσ (ξ) are calculated in the SDA by using
the method of moments (see the review and comparison
with other methods in [17]).
As for the renormalization of the real part of the self-
energy, this effect introduces corrections to the energy
spectrum Ωkσ (ξ) and qualitatively does not change the
further reasoning. The fact that the structure of the
Green function is correct even in the Hubbard-I approx-
imation (it is the structure of the Green function that
is essential for further derivation of Luttingers theorem)
follows from a comparison of the Hubbard-I solution and
the exact solution in the infinite-dimensionality limit ob-
tained in DMFT [4, 5], as well as from a comparison
of the Hubbard-I solution and a numerical solution ob-
tained using the exact Quantum Monte Carlo (QMC)
method for the Hubbard model [18, 19]. A comparison
of the spectral densities obtained in the Hubbard-I ap-
proximation at U ≫ W and those derived by the QMC
shows numerical coincidence between them as in param-
agnetic [18] as in antiferromagnetic phases [19]. In terms
of the diagram technique for the X-operators, it has also
been demonstrated that this approximation gives simple
and pictorial relationships which correctly describe the
physics of the phenomena at U ≫ t [13, 20].
Substituting Eq. (12) into Eq. (7) and using the spec-
tral theorem, we obtain
〈nkλσ〉 =
∫
dE fF (E)
∑
ξ
Fkλσ (ξ) δ (E − Ωkσ (ξ) + µ)
=
∑
ξ
Fkλσ (ξ) fF (Ωkσ (ξ)− µ), (13)
Taking into account that the quantities in Eq. (13) do
not depend on spin in the paramagnetic phase, the aver-
age number of particles 〈N〉 at zero temperature can be
written in the compact form
〈N〉 =
∑
k,λ
〈nkλσ〉 =
∑
k,ξ
Fk (ξ) θ (µ− Ωk (ξ)), (14)
where Fk (ξ) = 2
∑
λ
Fkλσ (ξ).
For noninteracting particles, we have Fk (ξ) = 1 and
the equation for 〈N〉
〈N〉 =
∑
k
θ (µ0 − εk) = V
(2pi)
3
∫
dkθ (µ0 − εk)
=
V
(2pi)
3V
0
FS , (15)
completely coincides with Eq. (2) in this case.
4For the system of interacting quasiparticles, Eq. (14)
can be written as
〈N〉 = V
(2pi)
3
∑
ξ
∫
dkFk (ξ) θ (µ− Ωk (ξ))
=
V
(2pi)
3
∑
ξ
V ξFS . (16)
By comparing Eq. (15) with Eq. (16), we obtain
V 0FS =
∑
ξ
V ξFS , (17)
where V ξFS is the volume of the energy subband ξ taking
into account the spectral weight Fk (ξ) of this subband,
V ξFS =
∫
dkFk (ξ) θ (µ− Ωk (ξ)). (18)
Equation (17) is the generalized Luttinger theorem:
the right-hand side of the equality is a superposition
of the volumes V ξFS for the different energy subbands ξ
rather than the volume VFS and each state |k, σ〉 for the
band ξ enters with a decreased spectral weight.
Therefore, the region bounded by the Fermi surface in
the k space becomes “less dense”. Indeed, let us use the
relationship mFS = ρFSVFS , where mFS is the “mass”
of the Fermi surface, ρFS is its “density”, and VFS is
its volume. It is obvious that the “mass” mFS is pro-
portional to the average number of particles 〈N〉 and
ρFS is the spectral weight of the quasiparticles under
Fermi surface. For the system of noninteracting parti-
cles, we havem0FS = ρ
0
FSV
0
FS . Further, from the equality
mFS = m
0
FS , it follows that ρFSVFS = ρ
0
FSV
0
FS and
VFS =
1
ρFS
V 0FS , (19)
since for the system without interaction we have ρ0FS = 1.
It is seen that, if the spectral weight of the quasiparticles
differs from unity VFS is not equal to V
0
FS . It is pre-
cisely this case (ρFS ≤ 1) that is realized in SCES. On
the other hand, the quantity given by Eq. (19) is invari-
ant under the interaction in the system; therefore, the
generalization of Luttingers theorem for quasiparticles is
as follows: the volume of the Fermi surface of a system
of noninteracting particles is equal to that of interact-
ing quasiparticles with account for the spectral weight of
these quasiparticles. This formulation of the theorem is
valid for both the band electrons and the quasiparticles
in metallic SCES in the limit U ≫W .
The deviation of the spectral weight from unity can be
considered as the transition to a space with a different
metric. This is demonstrated in Section V, in which it is
shown that the quantity given by Eq. (19) rather than
by Eq. (1) is invariant under this transition.
III. T-J MODEL
The Hamiltonian of the Hubbard model in the X-
operator representation [11] has the form
H =
∑
f,σ
(
(ε− µ) (Xσσf +XSSf )+ U2 XSSf
)
+
∑
f 6=g,σ
tfg
(
Xσ0f + 2σX
Sσ¯
f
) (
X0σg + 2σX
σ¯S
g
)
.(20)
The Hamiltonian of the tJ model can be derived form
Eq. (20) in the limit of the strong Coulomb interaction
U ≫ t:
Ht−J =
∑
f,σ
(ε− µ)Xσσf +
∑
f 6=g,σ
tfgX
σ0
f X
0σ
g
+ J
∑
f 6=g
(
SfSg − 1
4
nfng
)
, (21)
where tfg is the hopping integral, J is the exchange in-
tegral, Sf is the spin operator, and nf is the number of
particles operator. Since only one fermi-type root vector{
X0σf
}
↔
{
X1f
}
is present then the Green function in
the case of ImΣk (E) = 0 has the form
Dkσ (E) =
F (1)
E − Ek + µ, (22)
where F (1) /2 = (1− x) /2 is the spectral weight of the
only band ξ = 1 and Ek is the spectrum of the system in
the Hubbard-I approximation:
Ek = ε+ tk
(
1− x
2
)
− J
2
(
1 + x
2
)
. (23)
Here, tk = 2t (cos kx + cos ky) is the Fourier transform of
the hopping integral in the case of a square lattice. The
number of particles is
〈N〉 =
∑
k,σ
〈
Xσ0k X
0σ
k
〉
=
∑
k
(1− x) fF (Ek − µ). (24)
At zero temperature, we have
〈N〉 =
∑
k
(1− x) θ (µ− Ek). (25)
This equation coincides with Eq. (14). Thus for the
volume of the Fermi surface we have V 0FS = F (1)V
− =
(1− x) V −, where V − = ∫ dkθ (µ− Ek). In multiband
models, such as the Hubbard model, the spectral weight
of the quasiparticles is redistributed between the bands
due to strong correlations. In t-J model case, there is only
one band, but its spectral weight is smaller than unity
[see Eq. (25)] because the part of the spectral weight goes
to the upper Hubbard band. In deriving the equations for
the tJ model from the Hubbard model, this band is taken
into account only in terms of the perturbation theory
with respect to the parameter t/U ≪ 1 and does not
appear in the Hamiltonian (21) because of the constraint
of no two particle excitations
〈
XSSf
〉
→ 0.
5IV. HUBBARD MODEL
The basis fermion operators for the Hubbard model
(20) are
{
X0σf , X
σ¯S
f
}
↔
{
X1f , X
2
f
}
, where |S〉 is a two-
particle singlet, |0〉 is the vacuum state, and |σ〉, |σ¯〉 are
one-particle states. The matrix Green function has the
form
Dˆkσ (E) =
1
det
(
F (1)
2
(
E − ε+ µ− U − tk 1+x2
)
2σtk
F (2)
2
F (1)
2
2σtk
F (1)
2
F (2)
2
F (2)
2
(
E − ε+ µ− tk 1−x2
)
)
, (26)
where det =
(
E − E+k + µ
) (
E − E−k + µ
)
, F (1) /2 =
(1− x) /2 and F (2) /2 = (1 + x) /2 are the occupation
factors of the lower and upper Hubbard bands, respec-
tively. The energy spectrum of the system is
E±k =
1
2
(
tk + U ±
√
t2k + U
2 + 2tkUx
)
. (27)
The number of particles can be easily found using the
Green function (26):
〈N〉 =
∑
k
{[
1 +
x (U + tkx)
E+k − E−k
]
fF
(
E+k − µ
)
+
[
1− x (U + tkx)
E+k − E−k
]
fF
(
E−k − µ
})
. (28)
This equation coincides with Eq. (14). The expressions
in square brackets are the spectral weights of the upper
and lower Hubbard bands, respectively. Their sum (tak-
ing into account the spin) is equal to the spectral weight
of noninteracting electrons, as it must be. Now, let us
analyze Eq. (28) in the regime of strong Coulomb repul-
sion U ≫ t. In this case, the denominator E+k −E−k can
be expanded in powers of the small parameter t/U ≪ 1.
Neglecting second-order terms, we have
〈N〉 =
∑
k
(
(1 + x) fF
(
E+k − µ
)
+ (1− x) fF
(
E−k − µ
))
.
(29)
At zero temperature, this equation becomes
〈N〉 =
∑
k
(
(1 + x) θ
(
µ− E+k
)
+ (1− x) θ (µ− E−k )).
(30)
The expression for the volumes of the Fermi surfaces
is
V 0FS = F (2)V
+ + F (1)V −
= (1 + x)V + + (1− x)V −. (31)
where V ± =
∫
dkθ
(
µ− E±k
)
. It is clearly seen that the
due to strong Coulomb interaction the spectral weight is
redistributed between the lower and the upper Hubbard
subbands. It is this effect that makes generalization of
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FIG. 2: Dependence of the chemical potential µ on x.
Luttingers theorem for strongly correlated electron sys-
tems is of essence.
The splitting into two Hubbard bands is clearly seen
in Eqs. (29), (30) and (31). It is easy to transform the
Hubbard model to the tJ model simply by neglecting the
influence of the upper (or lower) band, because the bands
are separated by a gap U (the interband hopping was
already eliminated by the expansion in powers of t/U).
The occupation numbers are immediately found to be
lim
U→∞
〈N〉 =
∑
k
(1− x) fF
(
E−k − µ
)
. (32)
This expression coincides with Eq. (24), obtained for the
number of particles in the tJ model. Thus, the decrease
in the spectral weight in the tJ model is a result of the
approximations used (t/U ≪ 1) rather than of its spon-
taneous disappearance.
In Figs. 2 and 3 the results of calculations for zero
temperature at U = 10|t|, t = −0.2 eV are shown. Cal-
culations for finite temperatures were also carried out,
but they did not reveal any qualitative difference from
the case of zero temperature. The chemical potential µ
calculated self-consistently by using Eq. (28) is shown
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FIG. 3: Dependence of the density of particles n = 〈N〉 /N
on x (N is the number of vectors in the momentum space).
in Fig. 2. Fig. 3 shows the dependence of the density
of particles n = 〈N〉 /N on x calculated by using Eq.
(29). It is clearly seen that this dependence is linear and,
moreover, n = 1 + x. Actually, the last equality means
that the generalized Luttinger theorem is valid. Indeed,
the left hand side of Eq. (29) is the number of particles
calculated with account for the interaction in the system,
while the right hand side of the equation is the number
of noninteracting particles. The equality of these two
quantities is a prerequisite for the equality of the Fermi
surface volumes multiplied by the corresponding spectral
weights (31).
V. QUASIPARTICLE DESCRIPTION AS A
TRANSFORMATION OF THE METRIC SPACE
Let eµ be natural reference vectors associated with the
system of curvilinear (in general) coordinates xµ. In what
follows, upper indices indicate contravariant quantities
and lower indices, covariant ones. The metric tensor is
defined as
gµν = (eµ · eν) . (33)
In going to new coordinates yµ we have
eµ = a
ν
µe
′
ν ,
gµν = (eµ · eν) = aρµaην (eρ · eη) = aρµaην g′ρη,
where aνµ =
∂yν
∂xµ are the coefficients of the axis transfor-
mation.
By definition, an elementary volume of the n-
dimensional space is
dτ = dx1 · dx2 · ... · dxn. (34)
In this case, the value
√−g · dτ rather than the volume
element dτ is invariant under transition to another coor-
dinate system. Here, g = det gµν is the determinant of
the components of the metric tensor, i.e.√
−g′ · dτ ′ = √−g · dτ. (35)
Now, let us consider two n-dimensional spaces: one
for quasiparticles with the spectral weight ρ′ (quantities
referred to this space are labeled by prime) and one for
quasiparticles with the spectral weight ρ. Obviously, a
transition between these coordinate systems can be made
by simply changing the axis scales, aνµ =
n
√
ρ/ρ′. The
corresponding transformation of the metric tensor is
gµν =
(
ρ
ρ′
)2/n
· g′µν . (36)
The relation between the elementary volumes derived
from Eqs. (35) and (36) is
dτ =
ρ′
ρ
dτ ′. (37)
This equation (with ρ′ = 1) coincides with Eq. (19).
A similar relationship takes place in the hydrodynamic
theory for a compressible liquid. Thus, in the case of
quasiparticles with a spectral weight smaller than unity,
we deal with modification of the normal Fermi liquid in-
stead of the normal Fermi liquid; by analogy with hydro-
dynamics, this modification can be called the “compress-
ible Fermi liquid”. The original Luttinger theorem is
valid only for quasiparticles with a spectral weight equal
to unity and, therefore, is of limited use. In systems with
different spectral weights of quasiparticles, the quantity
given by Eq. (35) rather than the volume of the Fermi
surface is conserved; thus, the scalar density of noninter-
acting particles
√−g′ · dτ ′ is equal to the scalar density
of quasiparticles with interaction
√−g · dτ . It is clearly
seen that Luttingers theorem [1] is a special case of this
statement.
VI. CONCLUSION
One of the problems of the theory of SCES is whether
or not Luttinger’s theorem is valid for these systems.
This question is of great importance in describing high-
temperature superconductors, because they belong to the
class of SCES. It has been shown [9, 10, 18] that in the
Hubbard model Luttinger’s theorem [1] is violated for un-
derdoped samples (x < xopt) because due to short-range
magnetic order and the spin fluctuations associated with
it. However, Luttinger’s theorem is valid in the over-
doped regime (x > xopt), where the paramagnetic metal
7state takes place. Actually, the original Luttinger the-
orem in the form of Eq. (1) is not valid for SCES; the
proof of theorem (1) is not applicable to these systems
because it does not take into account the difference of
the spectral weight of quasiparticles from unity, which
is one of the most remarkable feature of SCES [13]. In
present paper we have formulated Luttinger’s theorem
(17) generalized for the case of quasiparticle description.
Qualitative analysis of this generalization given by Eq.
(19), as well as analytically exact derivation of Eq. (37)
for the scalar densities, showed that the region of k space
under the Fermi surface becomes less compact (or, in
other words, less “dense”) in quasiparticle systems: the
contribution of each state is renormalized by decreased
spectral weight of the corresponding quasiparticle.
The momentum space is divided into quantum cells,
each of which can contain one electron or, taking into
account the Pauli principle, two electrons with opposite
spins. Some states from the whole set of quantum states
in a cell move away to infinite energies due to strong
electron correlations. Therefore, the spectral weight F of
the remaining states is smaller than unity; quasiparticle
excitations in such a system become renormalized, and
their spectral weight F < 1. It is this effect that causes
the k space to be less compact.
It is seen from Eq. (37) for the scalar densities that we
deal with a compressible Fermi liquid. A normal Fermi
liquid belongs to a subclass of the class of compressible
Fermi liquids; in this subclass, the spectral weights of the
quasiparticles are equal to unity. The generalized Lut-
tinger’s theorem is formulated for the case of a compress-
ible Fermi liquid in which the effects of strong electron
correlations necessitate deviation from the description of
the system as a normal Fermi liquid.
In this paper we have considered basic models of
strongly correlated systems, such as the t-J model and
the Hubbard model. It has been shown that in the non-
superconducting paramagnetic phase these models sat-
isfy a generalized Luttinger’s theorem. In the Hubbard
model the spectral weight is redistributed between the
Hubbard subbands; in the t-J model a decrease in the
spectral weight occurs because part of the states moves
away to infinite energies due to the strong correlation
between the electrons (the upper Hubbard subband is
separated form the lower band by a gap U ≪ t).
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